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Abstract

On a smooth bounded domain Q ¢ RY we consider the Schrédinger operators —A—V, with V being
either the critical borderline potential V(z) = (N — 2)?/4 |z|=2 or V(z) = (1/4) dist(x, Q) 2, under
Dirichlet boundary conditions. In this work we obtain sharp two-sided estimates on the corresponding
heat kernels. To this end we transform the Schrodinger operators into suitable degenerate operators,
for which we prove a new parabolic Harnack inequality up to the boundary. To derive the Harnack
inequality we have established a series of new inequalities such as improved Hardy, logarithmic Hardy
Sobolev, Hardy-Moser and weighted Poincaré. As a byproduct of our technique we are able to answer
positively to a conjecture of E. B. Davies.
AMS Subject Classification: 35K65, 26D10 (35K20, 35B05.)
Keywords: Singular heat equation, heat kernel estimates, logarithmic Sobolev inequalities, Hardy
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1 Introduction and main results

Harnack inequalities have been extremely useful in the study of solutions of elliptic and parabolic equations,
starting from the pioneering works of De Giorgi [DG], Nash [N] and Moser [Mol], [Mo2]. They are used
to prove Holder continuity of solutions, strong maximum principles, Liouville properties, as well as sharp
two-sided heat kernel estimates. In particular, we should mention the influential works of Aronson [A]
and Li and Yau [LY] where heat kernel estimates were obtained via parabolic Harnack inequalities.

In fact, in certain cases, the parabolic Harnack inequality is equivalent to sharp two—sided heat kernel
estimates. This is the case when dealing with second order uniformly elliptic operators in divergence form



on R, or more generally with weighted Laplacians on complete Riemannian manifolds; see the works
of Fabes and Stroock [FS|, Grigoryan [G1], and Saloff-Coste [SC1]|. This equivalence has been also used
in order to get sharp two-sided estimates for Schrodinger operators in RY. For instance, the case of a
potential that is regular and decays like |z|2 at infinity was studied by Davies and Simon [DS2], where
pointwise upper bounds for the heat kernel were derived. The picture was later completed by Grigoryan
[G2] where sharp two sided estimates were provided by means of a parabolic Harnack inequality. A recent
survey on heat kernels on weighted manifolds can also be found in [G2].

As it was shown in the works of Fabes, Kenig and Serapioni [FKS], and Chiarenza and Serapioni
[CS], parabolic Harnack inequalities follow after establishing Poincaré and Sobolev inequalities as well as
a doubling volume growth condition. Moreover, on complete Riemannian manifolds parabolic Harnack
inequalities are equivalent to Poincaré inequality and a doubling volume growth condition as explained
by Grigoryan and Saloff-Coste in [GSC], [SC2].

Since the work of Baras and Goldstein [BG], the existence or nonexistence of solutions to the partial
differential equation

ur = Au+ Vu, (1.1)

with a potential V' involving the inverse square of the distance function have been widely investigated. See
[BG], Brezis and Vézquez [BV], Cabré and Martel [CM], as well as Vdzquez and Zuazua [VZ], for the case
V(z) = c|z|~2 and [CM] for the case V(x) = cd~%(x) on a bounded domain 2, where d(z) = dist(z, d9).

Concerning the case where V() = c|x|~2 with ¢ < (N —2)?/4 , sharp two-sided heat kernel estimates
have been obtained in RY, see [MT1], [MT2] where the approach of [GSC] on complete Riemannian
manifolds has been used, after a suitable transformation; see also [MS] for a different method.

On the other hand few results are known in the case of incomplete Riemannian manifolds, as it is for
example the case of bounded domains in RY. To our knowledge the only sharp two sided estimates in
this case, concern the standard Dirichlet Laplacian on a smooth bounded domain Q c RY, first studied
by Davies and Simon in [D1], [D2], [DS1], and recently completed by Zhang [Z]. We note that in the case
of a bounded domain, the asymptotic of the heat kernel is different for small time than it is for large time.
In fact, for the heat kernel hp(t, z,y) of the standard Dirichlet Laplacian and for two positive constants
C7 < (9, we have for small time

d(x)d z—y|? d(z)d z—y|?

whereas for large time
Cy d(@) d(y) e M < hp(t,a,y) < Cy d(x) d(y) e M, (1.3)

for all x,y € ; here A1 is the first Dirichlet eigenvalue.

In this work, our main interest is in obtaining sharp two—sided estimates for the heat kernel of the
Schrodinger operator —A —V under Dirichlet boundary conditions, on a smooth bounded domain Q ¢ RV
for the following critical borderline potentials: V(x) = (N — 2)2/4)|z|~2 or V(z) = (1/4)d~?(z).

Throughout this work Q is a C2 bounded domain of R" containing the origin and d(z) = dist(z, 99).
We first consider, for N > 3, the case V(z) = (N —2)2/4)|z|~2, x € Q and we formally define the operator
Kby Ku=—Au— %u ,  ulpq = 0. More precisely, the Schrédinger operator K is defined in L%()
as the generator of the symmetric form

N —2)?
Klu, ug] ::/ <VU1VU2 — (4‘36’2)7“1@) dz |
0

namely, if
_9\2
D(K) := {u € H(Q): —Au— WU € LQ(Q)} ,
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(N —2)?
4z|?

where H () denotes the closure of C§°(€2) in the norm

u— |lull ey = {/Q <\vu|2 - (]\;‘;’22)2u2> d:v}% . (1.5)

Let us recall that H(Q2) C Wol’q(Q) for any 1 < ¢ < 2, due to the results in Subsection 4.1 of [VZ].

It follows, using Hardy inequality, that K is a nonnegative self—adjoint operator on L?(£) such that
for every t > 0, e % has an integral kernel, that is, e~ fQ (t,z,y)uo(y)dy where k(t,z,y) is
the heat kernel of K. The first Dirichlet eigenvalue of K can be deﬁned by

_o\2
Jo IVl - Cpe?) do
)\1 = lnf 2 3
0#£peCE(Q) Jo p?dx

Ku:=—Au— u for any u € D(K) , (1.4)

(1.6)

with A; > 0, due to [BV]. Moreover there exists a positive function ¢; € H((2) satisfying

N
(72%:)\1301, in 2, @1 =0, on 09,

—Awy — _
¥1 Alz]

see for example Davila and Dupaigne [DD].
We then have the following sharp two-sided heat kernel estimate on K for small time

Theorem 1.1 Let Q ¢ RN, N > 3, be a smooth bounded domain containing the origin. Then there exist
positive constants C,Cy, with Cy < Co, and T > 0 depending on £ such that

Cumin {1 + V0% (] + VD7, A ol e Fe €

< b(t,2,) < Comin { (12 + VD) ' (o] + Vi)', LMD )22 -
forallz,y e Q and 0 <t <T.

Concerning the large time asymptotic we have:

Theorem 1.2 Let Q ¢ RN, N > 3, be a smooth bounded domain containing the origin. Then there exist
two positive constants C1, Co, with C71 < Cy, such that

Cr d(x) d(y) (Jally) = ™ <kt ) < G d(x) d(y) (jally) = e,

for all x,y € Q and t > 0 large enough; here \1 is defined in (1.6).

To prove the above Theorem 1.2 we have shown a new improved Hardy inequality which is of independent
interest; see Theorem 3.2.

We next consider the case where the Schrédinger operator H has a potential with critical borderline
singularity at the boundary Hu = —Au — M%(x)u ,  ulgo = 0; here N > 2 and 2 is a convex domain.

More precisely, the Schrodinger operator H is defined in L?(£2) as the generator of the symmetric form

1
Hluy,u :z/(VuVu—uu)dm,
[u1, ug] 5 1Vu2 4d2(1‘)12



namely if

D(H) := {u eW(Q): —Au— 4d21( )u € LQ(Q)},

Hu:=—Au—

4d21(x)u for any uw € D(H) , (1.7)

where W () denotes the closure of C§°(2) in the norm

1
1 3
u — HuHW(Q) = {/Q <\Vu|2 — 4d2(x)UQ) dx} .

Let us recall that W(Q) C Wol’q(Q) for any 1 < ¢ < 2, due to Theorem B in [BFT1].

Then, due to Hardy inequality, H is a nonnegative self-adjoint operator on L?(£2) such that for every
t > 0, e H* has an integral kernel, that is, e~ = [ h(t,z,y)uo(y)dy; here h(t,z,y) denotes the
heat kernel of H. The first Dirichlet eigenvalue of H is deﬁned by

_ Ja (’V80|2 prer @)Y ) dz
A1 = inf 5 . (1.8)
0#0€C () Jo ¥?dzx

It is known that A; > —oo for any bounded domain 2, and A; > 0 if Q is convex, see [BM]. Moreover
there exists a positive function ¢; € W () satisfying

1 .
—Ap — mgol = A1, in Q, @1 =0, on 0

see for example [DD].
We then have the following sharp two-sided heat kernel estimate on H for small time

Theorem 1.3 Let @ ¢ RN, N > 2, be a smooth bounded and convex domain. Then there exist positive
constants C, Cy, with C1 < Cy, and T > 0 depending on € such that

1 1 )
1 1 ) ) o
& min{l, dQ(z)le(y)}t_ _CZ| < h(t,z,y) < C'len{l (12(33)(12(34)} t_%e_cl%’

t2
forallz, ye Q and 0 <t < T.
We next complement this with the large time behavior:

Theorem 1.4 Let Q) C RN, N > 2, be a smooth bounded and convex domain. Then there exist two
positive constants Cq, Co, with C1 < Cy, such that

Cy d3(x) di(y) e < ht,2,y) < Cp d2 (2) d2(y) e,
for all x, y € Q and t > 0 large enough; here A\ is defined in (1.8).

The two-sided estimates in Theorems 1.1 and 1.3 are obtained as a consequence of a new parabolic
Harnack inequality up to the boundary, for a suitable degenerate elliptic operator. Let us present a model
operator in this direction. For this we consider classical solutions of

UVt =

&y )dw(da( y)Vo), (1.9)

(actually solutions are considered as weak solutions, for the precise formulation we refer to Definition 2.9

with A = 0 there, note that due to elliptic regularity, any solution is smooth away from the boundary of
Then, the following Harnack inequality holds true:



Theorem 1.5 (Parabolic Harnack inequality up to the boundary). Let N > 2, o > 1 and
Q C RY be a smooth bounded domain. Then, there exist positive constants Cyr and R = R(Q) such that
forx €Q,0<r < R and for any positive solution v(y,t) of (1.9) in {B(x,r) N Q} x (0,72), the following
estimate holds true

€55 SUP (1 {B(e,5)n} x (22,22 v(y,t) < Cq ess mf(y,t)e{B(z,g)mQ}x(gﬂ,ﬂ) v(y,t) . (1.10)
Here B(z,r) denotes roughly speaking an N dimensional cube centered at x and having size r (see Def-
inition 2.1). The restriction on « in Theorem 1.5 is sharp, since in the weakly degenerate case, where
0 < a < 1, even the elliptic Harnack fails. Indeed, let Q := B(0,1), then v(y) := f|;| (1_5)‘1% is a
positive solution of div(d*(y)Vv) =0 for 1/2 < |y| < 1, with v(1) = 0. The natural analogue of Theorem
1.5 in the weakly degenerate case, that is 0 < a < 1, is a Harnack inequality for the ratio of any two
positive solutions; in the elliptic case this is done in [FKJ] and by a probabilistic approach in [Ga].

To derive heat kernel estimates we define the operator L := —w%(x)div(do‘(x)V) in L2(Q,d%(z) dx) as
the generator of the symmetric form

Llv,va] := / d*(x)VuiVuy dz |
Q

namely
D(L) := {v € H}(Q,d*(x) dz) : —dal(x)div(da(:z)Vv) c L*(Q,d*(z) daz)},
1,
Lv:= ~ &) div(d®(x)Vv) for any v € D(L) , (1.11)

where Hg (€, d*(x) dz) denotes the closure of C§°(£2) in the norm

v — ||l = {/Qda(x) (IVo]* +v?) daz}é : (1.12)

We should emphasize that for a > 1, one has Hg(Q,d*(x) dz) = H'(Q2,d*(x) dx), see Theorem 2.11.

Let us note that L is a nonnegative self-adjoint operator on L?(£2, d*(y)dy) such that for every ¢ > 0,
e~ has a integral kernel, that is e vg(z) == [, I(t,z,y)vo(y)d*(y)dy; the existence of the heat kernel
l[(t,x,y) can be proved arguing as in [DS1].

Then, arguing as in [GSC], and using the parabolic Harnack inequality up to the boundary (Theorem
1.5), we obtain the following sharp two-sided estimates for the heat kernel generated by L, for small time.

The estimate of Theorem 1.3 is a consequence of Theorem 1.5 and corresponds to the extreme value
a = 1. We refer to Theorem 2.10 for a more general result that leads to Theorem 1.1.

The existence of a uniform upper bound on the size of the admissible “balls” denoted by R(f2), in
Theorem 1.5 is necessary, because otherwise the nonexistence of an upper bound would imply two-sided
heat kernel estimates that are the same for small time and large time, which is not the case at least for
a =1, due to Theorems 1.3 and 1.4.

Theorem 1.6 Let > 1, N > 2 and Q) C RY be a smooth bounded domain. Then there exist positive
constants Cp,Co, with C1 < Co, and T > 0 depending on Q2 such that

]- 1 Tr— 2 1 1 o 2
“ min{(ﬂaa}tg’e%l ty‘ <I(t,r,y) < CQmin{a,aa}tgeCI tyl )
t2 d2(x)d2(y) 57 d3 (x)d3 (y)

forallz,y e Q and 0 <t <T.



So far we have considered special potentials V. However as we shall see next we can obtain much

more general results. For instance we consider the operator £ := —A — V where the potential V is such
that
V(z) = Vi(x) + Va(x) , (1.13)
where
Vi) € . Vale) € L7(Q), p> 5 (1.14)
~ 4d3(z) ’ 2 ’

We also suppose that
V|2 = V?)d
A= inf fQ (‘ d 5 Ld ) ’
0#£peCE () Jo p?dx

and that to A1 there corresponds a positive eigenfunction ¢; satisfying for all = € € the following estimate,

> 0, (1.15)

c1d? (z) < () < cpd?(z), for some «a>1, (1.16)

and for c¢1, ¢y two positive constants.

Then as before it can be shown that E is a well defined nonnegative self-adjoint operator on L?()
such that for every ¢ > 0, e~ F* has a integral kernel, that is e™Flug(z) := [, e(t, z, y)uo(y)dy. We consider
positive solutions of

up = —FEu ; (1.17)

then our first result reads
Corollary 1.7 For N > 2, let Q C RN be a smooth bounded domain. Suppose that (1.13), (1.14), (1.15)

and (1.16) are satisfied. Then, there exist positive constants Cgy and R = R(Q) such that for x € Q,
0 <7 < R and for any positive solution u(y,t) of (1.17) in {B(z,7) N Q} x (0,72) we have the estimate

€55 SUD (e (B(a,z)n0} x (22, 2) u(y,t)d 2 (y) < Cq ess mf(y,t)e{ls(x,g)mﬁ}x(%ﬂ,r?) u(y,t)d™ 2 (y) .

Our result in the case o = 2 is basically the local comparison principle by Fabes, Garofalo and Salsa
[FGS] in the case of Schrodinger operator (see Remark 2.16, that covers the uniformly elliptic case).

As we have seen before the parabolic Harnack inequality yields sharp two-sided estimates for the heat
kernel e(t¢, z,y), corresponding to the operator E. In particular we have:

Corollary 1.8 For N > 2, let Q@ C RN be a smooth bounded domain. Suppose that (1.13), (1.14), (1.15)
and (1.16) are satisfied. Then there exist positive constants C1,Co, with C; < Cy, and T > 0 depending
on § such that for any x,y € Q and 0 <t <T

o o o o o L
Clmin{lacw}tge@ a Se(t,x,y)SCQmin{l,d?(x)W}tJzVeCl' -

whereas for t > T we have

C1 d2 (x)d2 (y)e ™ < e(t,z,y) < Cy d2 (z)d2 (y)e M .

As a byproduct of our method we can answer a conjecture by E. B. Davies (Conjecture 7 in [D2]) in the
case of the Schrodinger operator (see Section 4.4 for a more general case). For this let us introduce the
Green function associated to F, that is

Gp(r,y) = /OOO e(t,x,y)dt , (1.18)

then we have



Corollary 1.9 For N >3, let Q C RN be a smooth bounded domain. Suppose that (1.13), (1.14), (1.15)
and (1.16) are satisfied. Then there exist two positive constants C1,Cy, with C1 < Csq, such that for any
x,y € Q

o mm{‘ 1 d% (z)d3 (y) } < Golay) < Gy min{ 1 ds (z)d5 (y) }

x—yN=2" |z — y|NFa-2 lz —y|N=2" o — y|NFta—2

Davies conjecture corresponds to our result in the case a = 2, we should note however that other
values of « > 1 are possible.

The structure of the paper is as follows. In Section 2 we prove the new parabolic Harnack inequality
up to the boundary for a doubly degenerate elliptic operator, as well as, the two sided small time heat
kernel estimates that can be deduced from it. In Section 3 we present the proof of the above mentioned
results concerning the Schrodinger potential having critical singularity at the origin, while Section 4 treats
the case of the Schrodinger operator having critical singularity on the boundary.

Acknowledgment This work was largely done whilst the second author was visiting the University
of Crete and FORTH in Heraklion, the hospitality of which is acknowledged. This research has been
partially supported by the RTN European network Fronts—Singularities, HPRN-CT-2002-00274.

2 Parabolic Harnack inequality up to the boundary for degenerate
operators

In this section we prove a new parabolic Harnack inequality up to the boundary for the doubly degenerate
elliptic operator in divergence form

L) =

o —Wdiv(m)‘da(x)V), (2.1)

for any o > 1 and A € [2— N, 0]. Our approach is to first obtain a doubling volume-growth condition (see
Corollary 2.4), then a local weighted Poincaré inequality (see Theorem 2.5), and finally a local weighted
Moser inequality. In fact we will establish two local weighted Moser inequalities, one will be used near
the boundary (Theorem 2.6) and the other one away from the boundary (Theorem 2.13). These three
key estimates along with a suitable Moser iteration scheme as in [GSC] or [CS] lead to the small time
parabolic, up to the boundary, Harnack inequality, see Theorem 2.10. In order for the Moser iteration to
work, a crucial role is played by the density Theorem 2.11.

Then, with arguments quite similar to the ones used in [GSC] in the complete Riemannian setting,
we deduce from the parabolic Harnack inequality, sharp two-sided heat kernel estimates for small time,
see Theorem 2.14. To this end a sharp volume estimate is also needed (see Lemma 2.2).

In the sequel we will use the following local representation of the boundary of €2. There exist a finite
number m of coordinate systems (v}, vin), ¥i = (i1, ,yin—1) and the same number of functions a; =
a;(y}) defined on the closures of the (N — 1) dimensional cubes A; := {y. : |y;;| < S for j =1,--- ,N —1},
i € {1,---,m} so that for each point z € 9 there is at least one ¢ such that x = (z},a;(})). The
functions a; satisfy the Lipschitz condition on A; with a constant A > 0 that is

Jai(y) — ai(z))] < Aly; — 2]

for yl,z, € A;; moreover there exists a positive number 3 < 1 such that the set B; defined for any
i€ {1, ---,m} by the relation B; = {(v,,yin) : ¥} € Ai,ai(y)) — B < yin < a;(y})+ 3} satisty U; = B;NQ =
{Whyin) = y; € Aiyai(y;) — B < yiv < ai(y)} and Ty = BN 9Q = {(y;,vin) : ¥ € Aiyyin = ai(y;)}-



Finally let us observe that for any y € U; one can make use of the following estimate on the distance
function (14 A)~Y(a;(y]) — vin) < d(y) < (ai(y}) — yin) (see Corollary 4.8 in [K] for details)

Let us fix from now on a constant v € (1,2) and let us define the “balls” we will use in Moser iteration
technique. Roughly speaking they will be Euclidean balls if they stay away from the boundary and they
will be N dimensional “deformed cubes”, following the geometry of the boundary, if they are close enough
to the boundary or even if they intersect it. More precisely we have

Definition 2.1 (i) For any x €  and for any 0 < r < (8 we define the “ball” centered at x and having
radius v as follows. B(x,r) = B(x,r) the Euclidean ball centered at x and having radius v if d(x) > ~yr,
while B(x,r) = {(y;, yin) : ly; — il <7, ai(y;) —r — d(x) < yinv < ai(y;) +r —d(2)} if d(x) < yr, where
i €{1,---,m} is uniquely defined by the point T € 0X) such that |z — x| = d(x), that is by the projection
of the center x onto 0S). (ii) We also define by V(z,r) := fB(;z,r)mQ ly[*d®(y)dy the volume of the “ball”
centered at x and having radius r.

We first derive a sharp volume estimate.

Lemma 2.2 Let a > 0, N > 2, A € (—N,0] and Q C RY be a smooth bounded domain containing the
origin. Then there exist positive constants ci,co and 3 such that for any x € Q and 0 < r < 3, we have

ey max{d®(z)(|z| + ), r*}rN < V(x,r) < comax{d®(z)(|z| + ), ro}r™ .
To this end we make use of the following Lemma which can be proved as in [MT?2].

Lemma 2.3 Let N > 2, A € (—N,0] and Q C RY be a smooth bounded domain containing the origin.
Then there exist two positive constants dy,ds such that for any € ), we have

dy (| + ) < / Wy < do 7 (2] + 7). (2.2)
B(z,r)

Let us accept (2.2) at the moment and let us prove the sharp volume estimate.
Proof of Lemma 2.2: Let us first consider the case where d(z) > vr. Then B(z,r) = B(z,r) C Q.
Due to the fact that any y € B(x,r) satisfies

(T) d(z) < d(z)—r <d(y) <d(z)+r < (’Y;rl) d(z) (2:3)

(07 «
the claim easily follows making use of Lemma 2.3 with co > dy (%) and ¢; < dj (77_1) .

Let us now consider the case where d(x) < «r and let us denote by Li, Ly two positive constants
such that B(0,L;) C Q C B(0, L2) (note that they exist by assumption on ). Then any y € B(z,r) N Q
satisfies the following estimate L1 — (v + 1)8 < |y| < La. Indeed, if on the contrary |y| < L1 — (y +1)0,
then by definition of L; we would have d(y) > (v + 1)3, and this contradicts our assumption. In fact one
obviously has d(y) < d(z)+r < (y+1)r < (y+1)5 and it is not restrictive to suppose from the beginning
that the parameter 8 in the local representation of the boundary of Q2 satisfies 3 < Li(y+1)"!. As a
consequence we have:

VyeBr)nQ ds<|y <d,. (2.4)
here d3 := L3 and dy := (L1 — (v + 1)3)*.
Then for some i € {1,--- ,m}, we have

\ min{a;(y}),a; (y,)+r—d(z)} \ . .
Van = [ plewd~ [ / 91 (@) — vi) iy,
B(z,r)NQ |y, —z!|<r

8



From now on we omit the subscript ¢ for convenience. Indeed we have

min{a(y).a(y/)+r=d()} A ! / /
Viz,r) / / Y™ (aly") —yn)“dyndy §d4(7+1)'r(d(m)+r)o‘/ dy' <
'—a'|<r Ja(y)—r—d(z |y —a!|<r

< dy(y+ 1)a+17“a+1+N_1wN71 = dy(y+ 1)t Ny

On the other hand

a(y’)—
Vie,r) > (14 4)” / / Pl - o)y >
'—z'|<r Ja(y')—r—d(x)

>ds(1+ A)” / / r(y —1))%dyndy’ >
'—z!|<r Ja(

> ds(1+ A)fo‘ro‘H(Q -y — 1)0‘/ dy = ds(1+ A)faraHJrN*l(Q -y = 1) %wpN-1 =

ly'—a'|<r
=ds(1+ A)*O‘TO‘HV(Q -y -1 %wn-1 .
Here wy denotes the standard volume of the Euclidean unit ball in R”Y. Thus the result follows with ¢; :=
(0%
min {dl (“Y 1) yds(14+ A)" %2 — ) (v — 1)%}1\7,1} and ¢y := max {dQ (774_1) ydy(y + 1)°‘+1wN,1}.
//

Let us now prove estimate (2.2), which is taken from [MT2], we give here the details for the convenience
of the reader

Proof of Lemma 2.3: (i) Observe that

[ wdy=r N [ s,
B(a) B

where w := £. Then (2.2) reads

dy(w] + 1) < / o + =M < dy(|w] + 1) | (2.5)
B(0,1)

Since |z| < 1, there holds
lw| =1 <|w| = [2] <|w+ 2] <|w|+ 2] < |w|+ 1,

whence
A

wN<|w\ + 1>/\ < /B(o,l) lw + 2 dz < wN<|w| - 1) ; (2.6)

Comparing (2.5) and (2.6), we immediately obtain the lower bound in (2.2) with d; := wy. (ii) To prove
the upper bound in (2.2), observe that three cases are possible: (a) r < %‘, (b) 5 ol < 3|z| and (c)
r > 3|x|. In case (a) the claim follows from the right-hand inequality in (2.6), if we exhibit dy > 0 such
that

w (|w] = 1)* < da(jw] + 1)

A
for any |w| > 2. It is easily seen that the function F'(t) := (iﬂ) (t > 1) is decreasing, thus F(t) <

F(2) = (%))‘ for any ¢ > 2. This proves the claim in this case for any do > WN%A-



To deal with cases (b) — (c¢), observe first that

A WN AN
y| dy = r .
/B(O,r) | | A+ N

In case (b) we have

B(z,r) C B(0,4a]) , (2.7)
whence
A wWN AN wWN AN
dy < ———(4 < — . 2.
[ o= 5P < e (28)
In case (c) there holds
4
B(e,r) C B (o, ;) | (2.9)
thus AN
My < N (4r 2.1
[oowrasse(5) (2.10)
Since N \
AN < W for |x| < 2r
we have AN
Ay < N8 N A
[ s R
in cases (b)-(c). Hence the conclusion follows with dg := )\Li—NNS%N

//

From Lemma 2.2 one can easily deduce the doubling property which reads as follows:

Corollary 2.4 Let a >0, N >2, A€ (—N,0] and Q C RN be a smooth bounded domain containing the
origin. Then there exist positive constants Cp and 3 such that for any x € Q and 0 < r < (3, we have

V(z,2r) < CpV(x,r).
Let us state now the local Poincaré inequality.

Theorem 2.5 (Local weighted Poincaré inequality) Let o > 0, N > 2, A € (=N, 0] and Q@ C RN be
a smooth bounded domain containing the origin. Then there exist positive constants Cp and 3 such that
for any x € Q and 0 <r < 3, we have

inf ly[rd*(y)| f(y) —&[*dy < Cp r? / A (y)|VfPdy , ¥ f € CHBlx,r)NQ). (2.11)
€eR B(z,r)nQ B(z,r)NQ

Proof: Let us first consider the case where d(x) > yr. Then B(z,r) = B(x,r) C Q. Due to (2.3) the
claim corresponds to Theorem 3.1 in [MT2]. We give here the details for the convenience of the reader.

(i) As a consequence of the compact embedding of the space H'(B(0, 1), |y|*dy) into L2(B(0, 1), |y|*dy)
(e.g. see [KO]) we have that

Jo

. -1
here f := (fB(O,l) f(y)|y]’\dy) (fB(o,l) |y|’\dy) . Then by scaling (2.11) follows when z = 0.

f— fPlyPdy < © / ViR dy . Y f e CHBOD) ;
1) B(0,1)

)

10



(ii) Let us now consider the case |z| > 2r and let us define f := wj' fB(O,l) f(x 4+ rz)dz. Then as in
the proof of Lemma 2.3 we have (|z| 4+ 7)* < |z + 72| < 3%(\:13| + 7). Hence

/ 1 — FPlyPdy = Y / Pt r2) = FPla +rafde < " ] 4 / @t rz) - FPdz <
B(z,r)

B(0,1) B(0,1)

N N 1
< CTQ%G.I‘ +7“))‘/ IVf*(x+rz)dz < Crer/ IV fP|lz+rzMdz = CT2)\/ VAP gl dy -
3 B( 3% JB(0,) 3% JB(@r)

) ) x,

Then (2.11) follows when |z| > 2r.
(iii) For a general z € Q two cases are possible (a) 0 < |z| < %; (b) || > . In case (a) there holds

B(z.5) cB(0.5) € Blar) |

thus from (i) we have

. . C
it [ @iy < it [ (f@PlPay< G [ OsPllay < Cor? [ VPP,
B(e.5) R /(o) 5(0:)

¢eR ()

This proves (2.11) in case (a) since using a Whitney type covering and arguing as in [SC2| the integration
set of the left hand side which from above is B (:c, 8) can be increased as to cover all B(x,r).
In case (b) there holds |z| > 2 (§); hence from (ii)

C
: 121N ~
S /B(%) F) = &Py < o /B .

"
'8

VF12y My < Cpr? /B VAPl

This completes the proof in the case d(z) > ~yr.
Let us now consider the case where d(z) < yr. Then for some i € {1,--- ,m} we have

[ ewliw-etas |
B(z,r)NQ ly;—zi|<r

From now on we omit the subscript ¢ for convenience. Let us perform then the following change of variables
(v,yn) — (v, 2n := a(y’) — yn) and make use of (2.4); thus the above integral is less or equal then:

r+d(z
af L ) - o) € de =
|y’ —z'|<r Jmax{0,d(z)— 7"}

r+d(z)
—ai [ % ( [ 1at) ) - srzdy') din <
max{0,d(z)—r} ly' —a!|<r

r+d(z) 2
< Cd47‘2/ Zj.\[/' / f af (Z( ) yl dZN <
max{0,d(z)—r} ly' —a'|<r

' dyn 9y

2 rd(=) 2/, d a2 Ao 2

< Cd \Y% dy'dzy < C—(1+A d Vflcd

< Cdyr IVIFW, aly)—2n)2 dy'dan i S(1+4)r " d*(y)IV fdy -
max{0,d(z)—r} J |y —a'|<r B(x,r)N§2

min{a;(y}),a:(y,)+r—d(z)} , 5 A ) N ,
/ (o yin) — €21y (@s(l) — yin ) dyandy!

In the above argument we made the following choices
§=¢(an) = (/ f aly) - ZN)dz/> r MRl = Rl / frz' a(r) — 2an)dz"
ly' —a!|<r |2/ —='[<1

11



and C being the Euclidean Poincaré constant on the N — 1 dimensional Euclidean ball of radius one.
Since for any £ € R, |f — £|? < 2|f — &(2n) ]2 + 2|€(2n) — £€]? in order to prove (2.11) in this case, it
only remains to estimate the following term

r+d(z) . .
[ o] elen) — P28 davdy =
ly'—a’|<r Jmax{0,d(x)—r}

B , 22'10\‘,“ —max{0,d(z) — r}ot!
= ( Lo dy> [le(zn) e

r+d(z)

max{0,d(z)—r} B

r+d(z) _ P
= (¢ew) — L (01 im0, d(e) — 1} ]

a+l max{0,d(z)—r} Ozn

(
Thus, choosing & := &(r + d(x)) above, we obtain by Hélder inequality

r+d(z) _
[ on) — e dendy <
ly'—z’'|<r Jmax{0,d(z)— 7"}
2 r+d(x B %
[ [ e - deay )
1 |y’ —2'|<r Jmax{0,d(x

2
/ /"*d <zN>‘ZZ% 2 —max{0.d(@) —r}Ht\ "
ly'—2'|<r Jmax{0,d(x

1
2

ozn zN
Since
‘85 N ‘ Sw / ‘ ‘ (re',a(rz’) — zy)de' = wN1_1T_N+1/ of (v, aly) — 2n)dy’
| —a'|<1 | OYN jy—at|<r | DYN
hence

of |2 /
837\; (y a(y)—zN)dy .

‘af(ZN)‘ < Wil ot N/
y—a'l<r

ozn

Thus, since d(x) < 7r, we obtain (2.11) with constant Cp := 2%(1 + A)* (C + 4(8:11))22).

//

We next prove the following local weighted Moser inequality:

Theorem 2.6 (Local weighted Moser inequality) Let o« > 0, N > 2 and  C RY be a smooth
bounded domain. Then there exist positive constants Cpr and R = R(a, Q) such that for any v > N + a,
reQ,0<r<RandfeCB(x,r)) we have

/ ()| f() PO dy < Cor?V(,r) > (/ da(y)\Vdey) (/ da<y>rfr2dy)
B(z,r)NQ B(x,r)NQ B(z,r)NQ

Proof: Let us first consider the case where d(x) > ~r. By the standard Moser inequality, there exists a
positive constant C' such that for any « € 2 and any v > N if N > 3 or any v > 2 if N = 2, the following
holds true

/ PP+ ay < or2r % (/ Nf\?dy> (/ |f!2dy> .V feCE(Br)
B(z,r) B(z,r) B(z,r)

12
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(see for example Section 2.1.3 in [SC2]). Thus we have

/ )| )P0+ dy < (d(x) + reorz ( / Wf|2dy> ( / rdey)
B(x,r) B(z,r) B(x,r)

2 d(m)+r arN x—ro‘_% o' 2 o’ 2 ’
<cr (d(@_T) (N (d(x) — 1)) ( /B LI dy) ( /B W] dy) <

< Cpr®Vi(w,r) v (/B( )da(y)IVfIQdy> (/B( )da(y)lfIQdy> :

Za 9
where Cyy : = C (1 + %)a (ﬁ) i 02; and co is the constant appearing in the volume estimate in Lemma
2.2 when A = 0.
Let us now consider the case where d(x) < 7. Then we claim the following local weighted Sobolev
inequality: there exist positive constants Cs and R = R(a,{2) such that for any z € Q, 0 < r < R,
satisfying d(x) < yr, and any f € C5°(B(x,r)), we have

NI

IN

NN

NIM

N+a—2

o AN+a) e o 2
/ ()| () 2 dy <Cs / )|V f[2dy . (2.12)
B(z,r)NQ B(z,r)NQ

If we accept (2.12), then the result follows, with Cj; = Cs by means of Holder inequality, in fact we
have

N+a—2

2
2 N 2(N+a) N+« N N+ao
[ awetto < ( [ (y)fN+a2dy> < [ (y)dey>
B(z,r)NQ B(z,r)NQ B(z,r)NQ

as well as for any v > N + «

N—a)

2(v—N—
2 vEey 2(1 2 2(v—N—a)
/ d* () 2 dy / d*(y) f*dy < / & () 20 =) dy | Vi, r) o
B(z,r)NQ B(z,r)NQ B(z,r)NQ

In the sequel we will give the proof of (2.12). We will follow closely the argument of [FMT2]. If V ¢ RY

is any bounded domain and u € C*°(V) then it is well known that

SNH“HL <|IVullgr vy + [lullpravy

N
N

1
5)| 2 (see p. 189 in [M]). Let us fix from now on that V' := B(z,r) N, and
let us apply the above inequality to u := d®f, for any f € C§°(B(x,r)) and any a > 0. Thus we get

where Sy := N7z D(1+ 4]

d® < d* + ad* ' |Vd|| f]) dy .
SIS ey, < [ (9110 + a2Vl 1)
Let us remark at this point that boundary terms on 9€) are zero due to the presence of the weight d“,
a > 0. To estimate the last term of the right hand side, we will make use of an integration by parts,
noting that Vd - Vd =1 a.e.; that is we have:
a/ da—1|f|dy:a/ Vvd-Vd da_1|f|dy:/ Vd® - Vd|f|dy =
1% 1% 1%

13



—_/ daAdmdy—/ daw-vyfdy+/ dVd- v |f| dS.
Vv Vv ov

Under our smoothness assumption on 2 we have that |dAd| < ¢yd in Qs for § small, say 0 < ¢ < dy,
and for some positive constant ¢y independent of § (g, ¢y depending on ). Now, if d(x) + r < 4, that is

if r < m, we have that V C Qs and it follows that

a/ d“_llfdy§605/ da—1|f|dy+/ |V fldy |
Vv Vv Vv

hence

ity < @-an)t [ @siay. (2.13)
v
Consequently for any r € (0, R(a,(?)), R(a,) := +  min{do, -} and any a > 0 the following inequality
is true
Sn||d® < 1 d*|Vfldy . 2.14
M ey = (s +1) [ 951 (2.14)

To proceed we will use the following interpolation inequality (cf. Lemma 4.1 of [FMT2]).

N a g—N(g—1), 0
Iy < TRl e+ I D
N q—1
1 < b-=a—-1+——N, . 2.1
v <4s 1o a + . a>0 (2.15)
From (2.13) and (2.14), we get for any a, b, ¢ as above the following inequality
& fllzaqvy < CLlld™V fll v (2.16)
where C; := L((Z_l)ﬁ (a o5+ 1) + = N(q L) (a—iodo)'

Let us now apply inequality (2.16) to \f|s instead of f, for s := % +1,q:= %, b := Bs. Due to (2.15)
we havea =b+ 1 — %N = ? + A, where A:=B+1 — %N. In this way we obtain

(3+1)4 .
([amareay) " <o (§1) ([ angivran) <
1% 174
<0 ( / dBQ|f|Qdy)2 ( / d2A|Vf\2dy>2 ;
1% 1%
where C5 := C} <% + 1).

After simplifying we see that we have proved the following: there exists R = R(BTQ + A, Q) such that
for all 0 <7 < R and all x € Q with d(x) < ~yr, there holds

2

Q
(/ dBQrerdy) <c / d2A () |V f|2dy |
B(z,r)NQ B(x,r)NQ

for any N > 2 and any f € C§°(B(z,r)) under the following conditions A := B+ 1 — %—E;N, B—QQ +A >0,
2<Q<o0if N=2,2<Q < 2% if N> 3; here C3 = CF = C3(N, Q. B, co, d).

Taking A= §, Q := Nf:a% and B := % we deduce the local weighted Sobolev inequality (2.12) with
//

Cg = Cs(N,a, cp,dp) and this completes the proof of Theorem 2.6.

14



Remark 2.7 Note that the upper bound for the length of the “balls” in the local weighted Moser inequality,
denoted by R(a, ), goes to zero as a tends to zero.

Remark 2.8 Let us note that when N = 1, the corresponding analogue of the local weighted Sobolev
inequality (2.12) when Q = (—1,1) is the following one

min{1,z+r} % atl l-a min{1,z+r} .
/ L=y fI*(y)dy | <Csr a2 / A =lyDF Py |,

max{—1,z—r} max{—1,z—r}

[S]eN

forany f € C(x —r,z+71), and any ¢ > 2 if 0 < a <1l and2 < ¢ < Z(lel) if a > 1. Consequently

«
Theorem 1.5 as well as its consequences can be also stated for N = 1; see [KO]

From the results within this subsection, we will now deduce a new parabolic Harnack inequality up
to the boundary for the doubly degenerate elliptic operator L) defined in (2.1). To this end let us first
make precise the notion of a weak solution

Definition 2.9 By a solution v(y,t) to v; = —L)v in Q := {B(z,r) N Q} x (0,72), we mean a function
v € CH((0,7); L2 (B(x,r) N Q, y* d*(y)dy)) N CO((0,72); H' (B(w,r) N, ly|* d*(y)dy)) such that for any
® € C(0,72); Cg°(B(x,7) N Q) and any 0 < t1 < ta < r? we have

to
/ / {|y|)‘da(y)vt<1> + |y|>‘da(y)VvV<I>}dydt =0. (2.17)
t1 JB(z,r)NQ

Then we have

Theorem 2.10 Let a > 1, N > 2, A € [2— N,0] and Q C RY be a smooth bounded domain containing
the origin. Then there exist positive constants Cy and R = R(QY) such that for x € Q, 0 < r < R and
for any positive solution v(y,t) of % = mdiv(|y|)‘da(y)Vv) in {B(z,r) N QY x (0,72), the following
estimate holds true

ess SUP(y,t)e{B(x,g)mQ}x(%,é)v(y’t) < Cy ess mf(y,t)e{ls(x )ﬁQ}x(%ﬂ,r?)v(y’ t) .

r
2

In order to prove the parabolic Harnack inequality in Theorem 2.10 we use the Moser iteration
technique as adapted to degenerate elliptic operators in [FKS], [CS] as well as [GSC]. In this approach
one inserts in the weak form of the equation v; = —L}v suitable test functions ®. One of the key ideas
is to use test functions ® of the form n?v?, where v is the weak solution of the equation, 7 is a cut off
function and ¢ € R. To this end one has to check that n?v9 is in the right space of test function. In this
direction the following density theorem is crucial.

Theorem 2.11 Let N > 2 and Q C RN be a smooth bounded domain. Then for any a > 1
HY(Q, d*(y) dy) = Hy(2,d%(y) dy) -
In particular for any o > 1, the set C3°(Q) is dense in HY(Q, d%(y)dy).

Here H'(Q,d*(y)dy) denotes the set {v = v(y) : [, d*(y)(v? + |Vv|?)dy < oo}, the corresponding
norm being defined in (1.12).

We are now ready to prove the density theorem.

Proof Let us prove here the result when o = 1. We refer to Proposition 9.10 in [K] for the case a > 1,
even though our proof with some minor changes, can also cover this range.
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First of all from Theorem 7.2 in [K] it is known that the set C°°(Q) is dense in H'(2,d(y) dy). Thus
for any v € H*(Q,d(y) dy) there exists v,,, € C*°(Q) such that for any € > 0 we have ||v — Uml|g < € if
m > m(e). Let us choose w := vy,(.) and let us define, for k > 1, the following function

0 if d(x)

§k27
or(z) = 1+% if%<d(z <1,
1 if d(z) > 1 .

Then wy, 1= wepy, € Cg’l(Q), moreover we have

lw = w1 = [|w(l = ¢p)l[y <2 /Q(w2 +[Vwl?)(1 - ¢x)?d(y) dy + 2 /Q w?|Vpr[2d(y) dy <

2

§2/ w? + |Vw|?)d(y dy+2/ v
eIV A2 [ ) ()

Now as k — oo the right hand side goes to zero, this proves the Theorem.

dy .

//

The above Theorem allows us to take the cut off function n in C§°(B(z,r)) instead of taking it as
usual in C3°(B(x,r) N Q). Clearly the two function spaces differ only if the “ball” intersects the boundary
of €. To explain what are the appropriate modifications of the standard iteration argument by Moser, we
now present in detail the first step, which is the L? mean value inequality for any positive local subsolution
of the equation v; = —L)v.

Theorem 2.12 Leta > 1, N > 2, A € [2— N,0] and Q C RY be a smooth bounded domain containing
the origin. Then there exist positive constants C and R(2) such that for x € Q, 0 < r < R(Q) and for

any positive subsolution v(y,t) of v — Mdivﬂy\/\do‘(y)vw =0 in {B(z,r) NQ} x (0,7?) we have the
estimate
2 < A o 2 .
058 S e oty VOO Sy [ )

Proof: 'We will only prove the result in the non standard case in which the “ball” B(z,r) intersects
the boundary of ; we refer to [MT2] as well as to [GSC] for details in the other case. Similarly to
Definition 2.9 we define a subsolution v(y, t) to be a function in C1((0,r2); L2(B(z,7) N, |y|*d*(y) dy)) N
CO((0,7r2); HY(B(z, ) N, |y|*d*(y) dy)) such that the following holds true

7.2
/ / {ly| e (y)v:® + |y (y) VoV }dydt <0, ¥ & € CO((0,72); C°(B(z,r) NQ)) ,d > 0.
0 B(z,r)NQ
Hence in particular we have also
/ (Yo (y)o® + [y o (y) VoV B}y <0, ¥ & € C(B(a,r) N Q) ,& > 0.
B(z,r)NQ

Let us define for any g, M > 1 the following functions G(z) = 2% if z < M and G(z) = MI+q(z— M)M?1
if z> M and H(z) > 0 by H'(z) = \/G'(z), H(0) = 0; note that G(z) < zG'(z) as well as H(z) <
zH'(z). Due to Theorem 2.11 there exists a sequence of functions v, in C*°(B(z,r) N Q) having compact
support in Q such that v,, — v in H'(B(x,7) N Q,d%(y) dy) as m — +oo; whence due to (2.4) also in
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HY(B(z,r) N Q, |y|*d*(y) dy). Hence for any n € C§°(B(z,7)) and m > 1 the function ® := n>G(vy,) is
an admissible test function, that is the following holds true

[ PP Glom)u + [y (1) VoV (PG o)y < 0.
B(x,r)NQ
Passing to the limit as m — +oo we get
/3( : Q{Iy!Ad“(y)UZG(v)vt + |y (y) VoV (*G(v) by <0, V5 € C5°(B(,r)) -
x,r)N

This is the standard starting point in Moser iteration technique apart from the fact that the cut off
function 77 does not be necessarily zero on 912, this is crucial. Then by Schwarz inequality we get

/ {ly1*d*(y)n* G (v)ve + [y d* (y)| Vo* G (v)n*}dy < C ly[*d(y)|Vn[*v? G’ (v)dy
B(z,r)NQ B(z,r)NQ

thus also that
/ {lyd* (y)n* G(v)ve + [y d*(y)|V (nH (v))[*}dy < C/ ly[*d* (y) IV 0*G (v)dy .
B(z,r)NQ B(z,r)nQ

For any smooth function x of the time variable ¢, we easily get

d
< Y () (1 F (0))2dy + / y® ()| V (0 () dy <
dt B(z,r)NQ B(z,r)NQ
< Cx (Xl + 1|2 (r) / yAd® (9)0*C (v)dy:
suppn NQ

here F(2) is such that 2F(2)F’(z) = G(z). For 3 < s < s’ < 1 we choose as usual y such that 0 < x <1,
x = 0in (—o00,7?(1—5")), x = 1in (r?(1—s), 00), moreover if £ € C§°(0,1) be a nonnegative non increasing
function such that £(z) = 1if 2 < s and £(2) = 0 if z > §’, we define, making use of local coordinates, the
following cut off function n(y) = ¢ <|y/_x,|) '3 ('a(y/)_er_d(x)‘). Then clearly |[V7||peo@mn) < ﬁ and

T
(&
HX’HLOO(R) S 7'2(5’_5) ‘
Integrating our inequality over (0,t), with ¢ € (r?(1 — s),72) we obtain

sup/ ly*d*(y) (F (v))*dy +/ lyd (y)|V (nH (v))[Pdydt <
teJ JB(z,r)NQ {B(z,r)NQ}x(r2(1—s),r2)

C / A 2
<———— y|d* (y)v G’ (v)dydt .
r2(s' — s)? {B(z,S’T)QQ}><(7‘2(178’),7‘2)’ Fd* ()G (v)

Making once again use of Theorem 2.11 we note that we can apply the local weighted Moser inequality
in Theorem 2.6 to the function f := nH (v) thus obtaining

/ [y (y) (nH (0)) 20 553 ) dydt <
{B(z,r)NQ}x (r2(1—s),r?)

2

1+
C / A 2~
< ———— y| N d* (y)v G (v)dydt
ri(s’ —s)? ( {B(w,s’r)ﬂﬂ}x(r2(1—s’),r2)| Fd*(g)v G ()
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Let us now denote by 7 :=1+ Nim thus as M tends to infinity we have for p:= ¢+ 1

C ol

/ ly[Ad* (y)vP dydt < YRRV / ly[Md* (y)vPdydt
(B(,sr)NQ} x (12 (1—s),r2) 72(s" = 8)2 \ J{B(a,s'r)nQ} x (12 (1—s'),r2)

Thus due to Lemma 2.2 also that

Vi(x, sr)_l(r23)_1 /
{B(z,sr)NQ} x (r2(1—s),r2)

( ) (z s’r)_l(rZS')_l/ [y} d (y)vPdydt
s'—s {B(z,s'r)NQ}x (r2(1—s'),r?)

i

0i)”

ly[*d (y)vP T dydt <

¥

= 25, s = ;11 and §' = 6; where #; := 2. then if we denote by I(i) :=
1

Take now p = 5G41)

V(z,0;m)" (r?
fg)llows I(i+ 1) < C(i)I(i). Thus since one can show that the product of C(i) for all @ > 0 is finite,
we obtain I(co0) < {[[;2,C(¢)} I(0), this completes the proof of the proposition. To this end the choice
R() := min{8, R(1,Q)} can be made, here § and R(1,()) are the constants appearing respectively in the
local representation of 02 and in Theorem 2.6 when « := 1.

//

Theorem 2.6 corresponds to the local weighted Moser inequality needed in the proof of the parabolic
Harnack inequality up to the boundary stated in Theorem 1.5. The local weighted Moser inequality
involved in the proof of Theorem 2.10 differs from Theorem 2.6 only if d(z) > yr, N > 3, A # 0, and in
this case it reads as follows

f{B(m 02} (12(1—07) ]y| d*(y )vpidydt> "' the above inequality can be restated as

Theorem 2.13 Let N >3, A € [2—N,0) and Q C RY be a smooth bounded domain containing the origin.
Then there exist a positive constant Cyy such that for any v > N, x € Q, r > 0 and f € C§°(B(z,r)) we
have

/ M F ) PO+ dy < Carr? (Y (2] + 1)) % (/ rm*rw%) (/ rymfﬁdy>.
B(z,r) B(z,r) B(z,r)

Proof : By Holder inequality the result easily follows with Cys := Cg as soon as the following local
weighted Sobolev inequality holds true

)

N—-2

N 2N v 21\ A 2
/B PR < ol 40 /B WPy (2.18)

(we refer to the proof of Theorem 2.6 where a similar argument is used). Let us first prove the above
inequality for any A € (2 — N,0). As a consequence of the Caffarelli Kohn Nirenberg inequality (e.g. see
Corollary 2 in Section 2.1.6 of [M]), the following holds true

N—-2

2N N N 2 A 0o
/ ARy <c / ViRlyPdy Y € G (B, )
B(z,r) B(z,r)

and for some positive constant C' independent of x and r. Whence also that

N—2 2[A|

N Y E A 201 2 1A
fr=2lyltdy <C| sup [y IVfPlyldy < C(la| + 1)~ VI lyl dy -
B(z,r) yEB(z,r) B(z,r) B(z,r)

)
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Let us now prove the result for A = 2 — N. To this end let us apply Proposition 3.1 to = B(0,1) with
1
D = eN-2. Then there exists a positive constant C' such that

N-2

(N-1) N
/ Vol2|z2Ndz > C / w ™|~V X N2 (”3‘> dz , Vo CPBO,1));
B(0,1) B(0,1) D

here X (t) = =5, t € (0,1]. Now let us take v(z) := f (%) for any f € C§°(B(0, R)) then from above we

have
/B(O R

)

Z

—2

2| 12—N 2N 2Dy B
IV lyl"dy > C fr=zly| XN | = ) dy
) B(0,R) DR

Then if y € B(z,r) clearly y € B(0, |x| 4+ ), thus if we take R := |z| +r and f € C§°(B(x,r)) from above
we have

N-2

/ VP> Ndy > C / I e = <y|> dy N
B(z,r) B(z,r) DR

N-2

N / fﬂ| |2—Nd ~ ( - ’ |_2X2(N71) < ’y‘ )>N1§2
N-2 1mn N—-2 -
N B(z,r) Y Y yEB(z,r) Y DR

Whence the claim easily follows as soon as we prove that

2(N—-2)

|w*%<w> < Callal 4 )R

sup |y -2 | == < Cg(lz|+7r) ¥ .
yEB(w,r) DR

This is indeed the case in fact we have

N-1
op WX (M) < s (1w ()T -

yeB(z,r) DR ) ™ o<py|<|a|+r DR
N

(thus using the fact that the function ¢(¢) =t (1 —In (ﬁ))Ni:2 is an increasing function for ¢ € [0, R] if
D and R are as above)

s

N—-1 N—-1

— (| + 1) <1 —n <|f”l|);7“>>m — (|2] + ) (1 + (D))" = (ja| + 1) (%:;)N‘ .

This completes the proof of Theorem 2.13.
//

To state the heat kernel estimates following from Theorem 2.10 we introduce some notation. The
operator L7 is defined for « > 1 and A € [2 — N,0] in L?(Q, |z|*d¥(x) dx) as the generator of the
symmetric form

LA o1, v9) ::/ |z (2) Vv Vg dr
Q
namely

D(L)) := {v € H(Q,|z[*d*(z) dx) div(|z[*d*(x)Vv) € L2(Q, |z d(z) dm)} ,

I
| *de(x)

L = — div(|z| d®(z)Vv) for any v € D(L}) ,

b
|z |de ()
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where H} (€, |x|*d*(z) dx) denotes the closure of C§°(€2) in the norm

1
2
v = ||v]| g1 N {/ lz}d(z) (|Vv]? + v?) da:} . (2.19)
o Q
Then L2 is a nonnegative self—adjoint operator on L2(€, [y|*d®(y)dy) such that for every ¢ > 0, e~ Lat

has a integral kernel, that is e Latvg(z = [ola(t, z,y)vo(y)|y|*d* (y)dy; here [)(t, z,y) is called the heat
kernel of L. The existence of I)\(¢, z y) can be proved arguing as in [DS1]; that is, using a global Sobolev
inequality on €2, which can be easily deduced from its local version (2.12) as well as (2.18), by means of
the partition of unity as in [K].

Then, from the parabolic Harnack inequality in Theorem 2.10, the following sharp two-sided heat
kernel estimate for small time, can be easily deduced:

Theorem 2.14 Let o > 1, N > 2, A € [2— N,0] and Q@ C RN be a smooth bounded domain containing
the origin. Then there exist positive constants Cy,Co, with C1 < Co, and T > 0 depending on ) such that

C4 min{%1 (|$|+\[);(‘g|+\[)k} 6_02‘1_;!'2 . lé(tx,y) .
B B
<szln{1a (|x|+\[);(|§{‘+\/)l2} N
t2 d2( )df( )

forallz,y e Q and 0 <t < T.

Proof of Theorem 2.14: Using the mean value estimate for subsolutions as in Theorem 2.12 and the
parabolic Harnack inequality of Theorem 2.10 and arguing as in Theorems 5.2.10, 5.4.10 and 5.4.11 in
[SC2] we are lead to the following Li-Yau type estimate

w2 -
Cl 6_02\ ty‘ \ 02 e_Cll ty‘
1 i Sla(t,x,y)g T T
V(e V)2V (y, V)2 Ve, V)2V (y, V)2
for all z,y € Q and 0 < t < T'; where C'1, Cy are two positive constants with Cy < Co, and T > 0 depends
on §2. From this the result follows using the volume estimate in Lemma 2.2.

//

Using the machinery we have produced in this section we can handle more general operators than the
one in Theorems 2.10 and 2.14. Thus, consider the operator

N

—~ 1 ) D
Ly = “Pd@) > D (ai,j(ﬁv)ll‘lkd mm-) ; (2.20)
ij=1 " J

where (a; (7)), is @ measurable symmetric uniformly elliptic matrix. The operator IE is defined for
a>1and A € [2— N,0] in L2(Q, |z[*d*(z) dr) as the generator of the symmetric form

Y ov Ov
A A g i
LA [v1,v9] := 2 1/ |lz|*d™( )&U 8azjd

Then the existence of a heat kernel lg(t, x,y) follows as in [DS1], and we have
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Theorem 2.15 Let a > 1, N > 2, A € [2— N,0] and Q C RN be a smooth bounded domain containing
the origin. Then there exist positive constants Cp,Co, with C1 < Co, and T > 0 depending on ) such that

o {1 (e + VD)7 \y|+\f)} Ly gyl
1min § —&, Te ¢
13 a5 ()d3 ()

<\(t,z,y) <

<CQm1n{1a (|x|+\f)2(|g‘+\[)|2} . 01'219‘2
t2 d2( )df( )

forallz,y e Q and 0 <t <T.

Remark 2.16 A parabolic Harnack inequality up to the boundary similar to the one of Theorem 2.10 can
be stated under the same assumptions of Theorem 2.15 for the more general operator L)\.

3 Critical point singularity

In this section we establish a new Improved Hardy inequality (Theorem 3.2) and then we give the proofs
of Theorem 1.1 and Theorem 1.2. The structure of this section is as follows.

In Subsection 3.1 we first deduce the improved Hardy inequality and then the global in time pointwise
upper bound for the heal kernel of the Schrodinger operator —A — ((N — 2)2/4)|x|~2, which is sharp when
x and y are close to the boundary (see Theorem 3.4); then, due to an argument contained in [D1], wi
complete the proof of Theorem 1.2 proving the sharp lower bound for time large enough.

The proof of Theorem 1.1 is finally completed in Subsection 3.2, using the parabolic Harnack inequality
up to the boundary of Theorem 2.10.

3.1 Boundary upper bounds and complete sharp description of the heat kernel for
large values of time

We first recall the following improved Hardy-Sobolev inequality stated in Theorem A in [FT] (see also
inequality (3.3) in [BFT2])

Proposition 3.1 For N > 3, let Q) C RY be a smooth bounded domain containing the origin and D >
sup,ecq |z|. Then there exists a positive constant C such that

N—2
( N
/ |V’U|2|:U|2_Nd$ ZC(/ UN 2|l’| Nx =~ N— <|l”> dl’) ’
Q Q D

for any v e C3°(Q); here X(t) =

1

We next state a new result, the proof of which will be given later on.

Theorem 3.2 (Improved Hardy inequality) Let Q@ ¢ RN, N > 3, be a smooth bounded domain
containing the origin. Then there ezists a constant C = C(2) € (0, 1] such that

2 (N — 2)2 2 / u? 00
- dx > C(Q — d N Ce () . 3.1
[ (wup- B wzcw [ g, vuecEo (3.1)
The positive constant C(€2) can be taken to be exactly % for all domains satisfying the following condition

—div(|z|*VVd(z)) >0 a.e. inQ . (3.2)
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For example when 2 = B(0, R), for arbitrary R > 0, condition (3.2) is satisfied. Consequently, in this
case the Hardy inequality involving the Schrédinger operator having critical singularity at the origin can
be improved exactly by the inverse-square potential having critical singularity at the boundary.

As a consequence of Proposition 3.1 and of the improved Hardy inequality of Theorem 3.2, the
following logarithmic Sobolev inequality can be easily obtained:

Theorem 3.3 (Logarithmic Hardy Sobolev inequality) For N > 3, let Q C RY be a smooth
bounded domain containing the origin. Then for any v € C3°(2\ {0}), u > 0, and any € > 0 we have

N —2)? N +2
u?log u_ dr <€ |Vu|? — uu2 dx + | K3 — + loge | [|ull3; (3.3)
2 [lul[2]] = d(z) Q v

here K3 is a positive constant independent of € and ||u||z := ([, u?dz)2.

SIS

Then using Gross theorem of logarithmic Sobolev inequalities, as adapted by Davies and Simon (see
Theorem 2.2.7 in [D4]), we will show the following global in time pointwise upper bound for the heat
kernel:

Theorem 3.4 For N > 3, let @ C RN be a smooth bounded domain containing the origin. Then there
exists a positive constant C' such that

d(x)d =
k(t,z,y) < C(x)t(‘y)(]a:Hy\)Z;Vt_ge_Alt, Vao,yeQ, t>0.

Let us first prove the logarithmic Hardy Sobolev inequality (3.3).

Proof of Theorem 3.3: As a first step we claim that the following logarithmic Hardy Sobolev inequality
holds true:

/QUQ(—log d(z)) do < e/Q (\Vu|2 _ Wﬁ) de + <K1 _ %log e> 2, (3.4)

for any v € C§°(€2), u > 0, and any € > 0; here K is a positive constant independent of e.
To see this let us first suppose that the nonnegative function v € C§°(12) is such that ||Ju||s = 1. We
then have

/QuZ(—logd(a;)) dr = ;/ﬂuz(log d(z)™?) dax < %log </Q d(;)Quzdaﬁ> <

log (Cl/ﬂ (IVu!2 - (N4|;‘22)2u2> dx) ;

here we have used first Jensen’s inequality and then the improved Hardy inequality (3.1). For a general
nonnegative u € C3°(€2) we apply the above inequality to the function m, to get

/Q (\WP - Wﬁ) dx) .

Since log z < z for any z > 0, then also logy < €2Cy — log (€2C), for any € > 0; whence from this we
deduce (3.4), with K7 := }log(5).
We will next show the following logarithmic Hardy Sobolev inequality:

<

N | =

C—l
13

1
[ wrogdte)) o < HuH%log(
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N —2)? N
/ u?log <u2N> dx < e/ <\Vu|2 - (4|’2)u2) dx + <K2 - 4loge> lul|3 (3.5)
Q lull2]z] "2 Q v

for any v € C3°(©2\ {0}), v > 0, and any € > 0; here K> is a positive constant independent of e.
By Proposition 3.1 it follows easily that there exists a positive constant C' such that

N-—-2

N
/ Vo222 Ndz > </ vﬁNgW—Ndx) , (3.6)
Q Q

for any v € C§°(£2) (this is inequality (4.12) in [BFT2]). Whence we claim that the following logarithmic
Sobolev inequality holds true:

N
/v log <” T > |22V dx < e/ \Vo2|z|>Ndx + <K2 - 4loge> o] |3, (3.7)
2 Q

for any v € C§°(€2), v > 0, and any € > 0; here K> is a positive constant independent of € and ||v||2 :=
1
(Jq v?|z|*>~Ndx)2. To see this let us first suppose that the nonnegative function v € C§°(€2) is such that

l|v]|2 = 1. We then have
N -2 N -2
/vQIOg(v) |22~ da = 4/v210g< N- ) |22~V dx < log (/ y¥at? |22~V dac) =
Q Q Q

N—2
N N N

= —log </ yN-2 |2~V d:n) < — < /|Vv| |z|?~ Ndx) ;
4 0 ;!

here we have used first Jensen’s inequality and then the improved Hardy-Sobolev inequality (3.6). For a
general nonnegative v € C§°(€2) we apply the above inequality to the function m, to get

N
/v log<|| T ) |2V dx§||v||§log<|| 2 /|Vv| |22~ Ndm) .
2 2

Since logz < z for any z > 0, then also logy < e%y — log (e%), for any € > 0; whence from this we
deduce (3.7) with Ky := %bg (%)

Inequality (3.7) implies (3.5) via the following change of variables u := v|m|% Finally from (3.4)
and (3.5), the logarithmic Hardy Sobolev inequality (3.3) easily follows with constant K3 := K; + Ko +
% log 2.

//

We are now ready to give the proof of Theorem 3.4.

Proof of Theorem 3.4: Let us define, as in Section 2 of [D2], the operator K = UY K - \)U,
U : L*(Q,¢3dx) — L*(Q) being the unitary operator Uw := @qw, thus K := dzv(gp V). Here ¢1 >0
denotes the first eigenfunction and A\; > 0 the first eigenvalue corresponding to the Dirichlet problem
—Ap — %gpl = A1 in Q, ¢1 = 0 on 99, normalized in such a way that [, p3(z) dz = 1. Due to
the results in Lemma 7 in [DD] and using Theorem 7.1 in [DS1] on one hand and elliptic regularity on
the other, there exist two positive constants ¢, co such that

cilz| 2 d(z) < pr(z) < el T d(z), Vzeq. (3.8)
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From this and (3.3) we deduce the following logarithmic Sobolev inequality

- N +2
/ w? log <H B ) pldr < e < Kw,w > 12(Qup2dr) T <K4 - loge> lJwl|3 (3.9)

for any w € C5°(Q\{0}), w > 0, and any € > 0; where Ky := K3+ X —log ¢y and ||w|]s := ([ w?e? dx)%
Let us remark that only the lower bound in estimate (3.8) was used.

From now on one can use the standard approach of [D4] to complete the proof of the theorem. Here
are some details for the convenience of the reader.

As a first step we claim that the following LP logarithmic Sobolev inequalities holds true:

- N +2
];/ w” log (H I, > @3 dr < e 123 < Kw,wP™! >12(0,02 do) T <K4 — loge> [w][D (3.10)
for any w € C§°(2\ {0}), w > 0, and any € > 0, p > 2. To see this we apply inequality (3.9) to wh;
whence due to the fact that

2
/ |Vw2\ ddj‘ = /QwPQIVngo% dr = ﬁ < Vw,prfl >L2(Q,Lp% dx)ﬁ g < Kw,wpfl >L2(QW% dz) >

since ﬁ < 1if p > 2; the claim follows.
Let HY(Q, p? dx) be the closure of C§°(§) with respect to the norm

2
lolly o= { [ (P g+ wedyac}

»PT

as one can easily prove this is also the closure of C§°(Q2\ {0}) Wlth respect to the same norm Then
to the operator K defined in the domain D(K) = {w € H}(%, gpl dr) : Kw € L3(Q, 2 dx)} it is
naturally associated the bilinear symmetric form defined as follows lC[wl, wo] =< Kwy,ws > L2(Q? da)™
fQ Vw1 Vwsy cp% dz, which is a Dirichlet form. Whence Lemma 1.3.4 and Theorems 1.3.2 and 1.3.3 in [D4]
implies that e_f{t, which is an analytic contraction semigroup in L?(§), ¢? dx), is also positivity preserving
and a contraction semigroup in LP(£), 97 dx) for any 1 < p < co. As a consequence for any ¢ > 0 and any
p=2
L, 07 de) N LX) C [H(2 67 do) 0 LR 6} dr) 0 L))

where we denote by [E]* the subset of positive functions in the space E.

Thus by density argument the LP logarithmic Sobolev inequality (3.10), more generally applies to any
function in Ugsg e K[L2(Q, p2dz) N L>®(Q)]T

This means that Theorem 2.2.7 in [D4] can be applied, in the same way as in Corollary 2.2.8 in [D4], to
the operator K; whence obtaining that

_R _N+2
lle™ ™ l2mo0 < CE 75

and by duality that
2
le™ Kt p < O

that is : vio
e Rl < CE52
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Here we use the following notation:

lle= 5t f(2)]],

le K gmp = sup LoD
TP oqumr M@

Kt is

—Kt

1
where [|f||q == ( Jo lf |92 d:c) ¢ . This implies, by Dunford-Pettis theorem, that the semigroup e~
indeed a semigroup of integral operators; that is a heat kernel l%(t, x,y) associated to the semigroup e

is well defined and satisfies the following pointwise upper bound l;(t,az,y) < C%t_%, for any x,y €
and any t > 0. Theorem 3.4 then follows, due to the upper bound in (3.8) and to the fact that, as a
consequence of the unitary operator U, the heat kernels k(t, x,y) and l;:(t, x,y), corresponding respectively
to K and K, satisfy the following equivalence

k(t,z,y) = p1(x)p1(y) l;:(t,x,y)e_)‘lt . (3.11)
//

Remark 3.5 Applying Davies’s method of exponential perturbation to the operator K (see Section 2 in

lz—y|?

[D3] for details), the upper bound in Theorem 3.4 can be improved by adding a factor cse 1A+,

Let us now deduce from the upper bound in Theorem 3.4 an analogous lower bound for time large
enough, thus completing the proof of Theorem 1.2. We argue as in Theorem 6 of [D1] (see also Proposition
4 of [D2]), we give the details here for the convenience of the reader.

Proof of Theorem 1.2: Making use of the same notation as in the proof of Theorem 3.4, the lower
bound we want to prove corresponds to the statement /;:(t, x,y) > C for any z,y € Q if ¢ is large enough,
C being some positive constant.

For any f € LY(Q,y? dx), we clearly have

f=<f,1>1+y,
where < f,1 >:=< f,1 >12(Q,p2 da) and < g,1 >= 0, since fQ ¢3(z)dr = 1. Thus, making use of the fact
that by definition K1 = 0 we have
e_f(tf =< f,1>1+ e_ktg,

that is the semigroup e~ Atf = e~ Kt f— < f,1 > 1, to whom it is clearly associated the heat kernel
k(t,z,y) — 1, is such that for any f € L*(Q,p? dx)

—Atp _ Kt
eV f=e g,

where g = g(f) is a function in L'(€, ¢idx) such that < g,1 >= 0. Thus, due to Theorem 3.4
- K _N+2
lle ™ [1ne < lle K1 < Ct 2,

here C is some positive constant; this is equivalent to say that

E(t,z,y) — 1| < Ct™ 2

from which the claim easily follows for ¢ large enough.

//

In the sequel we will give the proof of Theorem 3.2. We will use the following lemma whose proof will
be postponed until the end of this subsection.
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Lemma 3.6 For N > 3, let @ C RN be a smooth bounded domain containing the origin. Then there
exists 6g > 0, such that
w o |x\2—N|Vf\2dx 1
FECHO) fo PN e~ 4

for all 0 < § < dg; here Q5 := {x € Q: dist(z,00) < 6}.

We are now ready to prove the improved Hardy inequality.

Proof of Theorem 3.2: (i) Let us first prove the claim on any domain 2 satisfying condition (3.2).

To this end let us define for any u € C§°(£2) as a new variable w := ]:E|¥d_%(x)u, obviously w € HE(Q).
By direct computations we have

2—-N -~ 1 -

Vu = \x|_%_1 z d2 w+|x|%§d_%de +|x|¥d%Vw

thus
/Vu|2 /<( 2)° 2|7 d w? + |z|*” vl d_ w? + |z Nd \Vw]2> dx+
N -2
—i—/ (— 5 2| ™ w? 2 Vd — (N = 2)|z|™ d w 2 Vw + VdVw w |x]2N> dx .
Q

Whence

2 (N_2)2 2 1 2 _

N -2 N -2 1
:/ (Vw[Q d x> — —Z 2™ w? x Vd - ( 5 )]x\_N d x Vw?® + 3 Vd Vuw? |ac]2_N> dx =
Q

2

N -2 N -2 1
= / <|Vw\2d\x|2N - — x| ™V w? z Vd + ( 5 )div(]a;rNd z)w? — 2div(]x\2NVd)w2> dr =
Q

1
= / (|Vw|2 d |z)>~N - 2div(|x|2_NVd)w2> dx >0,
Q

due to condition (3.2) on Q. Thus inequality (3.1) is proved with constant C(2) = 1 in any domain €
satisfying condition (3.2).

(ii) Let us prove indirectly the claim in the remaining case. To this end let us denote by H} (€2, |z|>~Vdx)
the closure of C3°(€?) in the norm

1
2
1y o= { 0918 + PaYaef" (312)
Q
The improved Hardy inequality (3.1) we are going to prove, in the new variable v := ]:L“|¥u reads as

follows )
/ Vo222 Ndz > o/ w2 gy
Q Q d?

Let us suppose that the improved Hardy inequality (3.1) is false; whence let us suppose that the following
holds true

inf / |22 N|Vo2dz = 0 ;
{Ja \x|2_NZ—2 dz = 1} JQ
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thus there exists a sequence {v;};>0 in H}(Q, |z[>~"dz) such that [, |z|*~ N d:E =1, and
/ 2N |V [2de — 0, as j — oo . (3.13)
Q

For any arbitrary function ¢ € C§°(£2), such that ¢ =1 in a neighborhood of the origin, we also have

/Q:B|2_N\V(<pvj)\2dx < 2/9 22N (|0 20? + [Vpf202) dar <

< C/ 22N IV, + ’UJQ) dx < C’/ 2> V|V, |?de — 0 as j — oo . (3.14)
Q Q
Here we use the fact that the following inequality holds true
/ 22N £ < c/ 2NV Rz, ¥ f € HY(Q, |22 Vdz) . (3.15)
Q Q

Inequality (3.15) for example follows easily from inequality (3.6) by Holder inequality. From estimate
(3.14) and inequality (3.15) (applied to f := pv;) we easily deduce that

/[w\Q N(pzv — 0, asj— oo,
or similarly (due to the fact that ¢ has compact support inside §2) that

02
/ |2~ N ? dédm —0, asj—o0. (3.16)
Q

We then compute

2
1:/ 2N de_/ 2N (pv; + ( — ©)vj) doe —
02

V4
:/ 2|2 N2 L Y da:+2/ |22 N )JQdaz—F/ |22~V (1 - )22 % d.
Q d Q d?
We observe that the first two terms in the last line tend to zero as j tends to infinity and therefore we
obtain that
02
/ 22N (1 - )dezdx =1+0(1), asj—oo. (3.17)
Q
On the other hand we have that

/Q 2PNV - @)uy)Pde < 2 /Q 2PNV 2da + 2 /Q 12NV (o0;) Pde |

both terms in the right hand side going to zero as j tends to infinity due to (3.13) and (3.14); whence we
deduce that

/ 2> NV - ¢)v;]Pde — 0, asj— oo . (3.18)
Q
Since for any j > 0 the function f := (1 — ¢)v; is an element of H{(Qs) for a suitable choice of the

function ¢ (take it identically one in a subset containing €\ €s), by means of (3.17) and (3.18) we reach
a contradiction with Lemma 3.6, thus proving the improved Hardy inequality.
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//

A similar improved Hardy inequality for a potential behaving like ((N — 2)2/4)|z|~2 near the origin

and exactly like (1/4)d~2(x) near the boundary is also shown without any geometric assumption on the
domain 2 (see Theorem 3.10 below).

We next prove Lemma 3.6. One can consider it as a consequence of the following more general result.

Lemma 3.7 For N >3, let Q C R be a smooth bounded domain. Then there exists a positive constant
N
do = 00(2), such that for any V € L2 (Qs,) and 0 < § < &y, we have the following estimate

1
/ \Vul? — —u? | do > c/ Vuldr , Y ue CF(s) ;
Qs 4d? Qs

here ¢ = ¢(d) — o0 as § — 0 and Q5 := {x € Q : dist(z,0N) < d}.

Proof of Lemma 3.6: Let us choose V(x) := % in Lemma 3.7 above and let us choose § small
enough such that ¢(§) > 1 and 0 < § < &g, thus we have
1 N —2)?
/ (]Vu\Q - 2u2> dx > / %qux, (3.19)
o 4d o; 4zl

for any u € C§°(€Qs). For any f € C3°(Qs), u = f|:c]% will be in C§°(€2s5), moreover by easy computa-

tions we have
| (190 = gt} do= [ (1vs+ W=2F o 1 ) g,
QJ 4d2 Qa 4.’.73‘|2 4d2 ’

thus (3.19) can be restated as follows

1
2 _ 2 2-N .. > -
/QE (\Vfl 4d2f>|rc! dz >0

this proves the claim.

//

Whence it only remains to prove Lemma 3.7. Before doing so let us observe that inequality (3.19),
simply says that the improved Hardy inequality (3.1) indeed holds true with constant C(Q) = + whenever
the support of the functions considered is contained in a neighborhood of the boundary.

The proof of Lemma 3.7 makes use of the following improved Hardy-Sobolev inequality near the
boundary stated in Theorem 3 of [FMT1], we recall it here for the convenience of the reader:

Proposition 3.8 For N > 3, let @ C RN be a smooth bounded domain. Then there exist positive
constants 6y = 00(2) and C = C(N), such that

9 1 9 2N % o)
|Vu| — —u” |dx > C uN-2dx , Yue C'0 (95)7
Q4 42 Qs

and any 0 < § < dg; here Q5 := {x € Q : dist(z,0N) < d}.
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Let us focus here on the fact that in Proposition 3.8 no convexity assumption on the domain €2 is made;
this is due to the fact that we only consider functions whose supports are contained in a neighborhood of
the boundary.

Proof of the Lemma 3.7: By Holder inequality we have

N x oN ~
/ Vuldr < (/ V2dzn) (/ uNde> <
Qs Qs Qs

2

N N 1 2
< V2dr CN“4/ <vu?—>m,
(/Q ) [ (v -

the last step being due to Proposition 3.8. This proves the claim with constant

o(8) = (/95 vévdx>_ C(N) |

which tends to infinity as ¢ tends to zero due to the integrability assumption on V.

Zlw

//

With some minor changes in the proof of Theorem 3.2 one can indeed prove the following improved
Hardy inequality, which does not a priori requires the bounded domain €2 to be smooth.

Theorem 3.9 For N > 3, let @ C RN be a bounded domain containing the origin such that
2 u?
/ |Vu|*dz > C/ ﬁdac, YV ue C§o Q)
Q Q

and some positive constant C. Then there exists a positive constant C such that

N —2)? . [ u?
/Q <\Vu]2 — (4|x’2)u2> dx > C’/Q %d:c, VueCiE Q).

We finally mention the following related new Hardy inequality, which we think is of independent
interest

Theorem 3.10 For N > 3, let @ C RN be a smooth bounded domain containing the origin, and define
fore>0,

(N=2)? :

M%(m) if {xeQ:d(x) <e}.

Then there exists eg = €o(2) such that for all 0 < e < €y and u € C§°(2), we have

/\Vu]deZ/Ve(x)qua:.
Q Q

Proof: We will only sketch it. Let 1 = {z € Q : d(z) > €}. Then using the change of variable
U= |x\%v, one can prove the following inequality

N —2)? 2—-N 2
/ (!VUP - (2)u2) de > —— U—Qx v dS;.
o 4|z 2 Joo, |zl
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Similarly using the change of variable u := d%(:c)X_%(d(:r:))v with X (¢) = (1 —Int)~! one can prove the
following inequality

/ <|v C— 2)d >_ L “ Gd. v ds
ul® — u® ) de > — - ——Vd- v dS,,
o\ 4d?* () 4 Jag, d(z)

for any 0 < € < min{e™!,¢;} where ¢; > 0 is such that d~'X(d) + 2Ad(Ind) > 0 for d < €;. The result

then follows showing that for 0 < € < eg = min{e™ !, €y, %} we have [Q(fgﬁv)x — ﬁVd -v > 0 since
v := —Vd on 09Qy; here R denotes a positive constant such that B(0, R) C €2, which exists due to the
assumption on £2. //

3.2 Complete sharp description of the heat kernel for small values of time

In this section we prove the two-sided sharp estimate on the heat kernel k(¢, x,y) stated for small time in
Theorem 1.1.

Proof of Theorem 1.1 Since for any x € € and for some positive constants ci, co we have the following
A o A o
estimate c1|x|2d? (v) < ¢1(z) < eolz[2d2 (z) for = 2 and A = 2— N, we can apply the result of Theorem

2.15 to the operator K = —w%(x)div(gof(x)V). Hence due to (3.11) the result follows immediately.
1

//

Let us finally make some remarks concerning Schrodinger operators having potential V (z) = c|z| 2.
Arguing as in Lemma 7 in [DD] one can easily prove that the first Dirichlet eigenfunction for the

Schrodinger operator —A — ﬁ, 0<e< (NZQ)Q, behaves like |x|%d(m) on all Q, where A\ :=2 - N +
V(N —2)2 — 4¢. Then we have

Theorem 3.11 For N > 3, let @ C RN be a smooth bounded domain containing the origin. Then there
exist positive constants Cq,Cy, with Cp < Cy, and T > 0 depending on ) such that

Crmin { (] + v 3 () + VDS, DDA g 3o om0 <

|z —y|?

< kelta,9) < Comin (e + VD) () + v 3, LMD g3y emenl

forallz,y € Q and 0 <t < T; here k.(t,z,y) denotes the heat kernel associated to the operator —A — ‘x%
in Q under Dirichlet boundary conditions for 0 < ¢ < (NZQ)Z ,and A:=2— N + /(N —2)2 — 4c.

Theorem 3.12 For N > 3, let @ C RN be a smooth bounded domain containing the origin. Then there
exist two positive constants Cy, Cy, with C7 < Cy, such that

Cy d(z) d(y) (Jzlly))Z e ™ < ko(t,,y) < Co d(z) dy) (|z]ly)ze ™,

for all x,y € Q and t > 0 large enough; here kc(t,x,y) denotes the heat kernel associated to the operator
(N—2)?
1

—-A — ﬁ in Q under Dirichlet boundary conditions for 0 < ¢ < A1 its (positive) elliptic first

eigenvalue and A :=2 — N + /(N — 2)? — 4c.
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4 Critical boundary singularity

In this section we prove Theorems 1.3 and 1.4 as well as a new Hardy-Moser inequality (Theorem 4.3).
The structure of this section is as follows.

In Subsection 4.1 we first prove the improved Hardy-Moser inequality. Then in Subsection 4.2 we get
the global in time pointwise upper bound for the heal kernel of the Schrédinger operator —A —(1/4)d=2(x),
which is sharp when x and y are close to the boundary (see Theorem 4.4). Then arguing as in [D1], we
deduce the sharp heat kernel lower bound for time large enough, thus completing the proof of Theorem
1.4.

The proof of Theorem 1.3 is finally completed in Subsection 4.3, using the parabolic Harnack inequality
up to the boundary stated in Theorem 1.5.

4.1 The improved Hardy-Moser inequality

Here we will prove a new improved Hardy-Moser inequality which we think it is of independent interest.
The proof is based on an auxiliary Hardy-Sobolev inequality, that we will show here, as well as on the
following improved Hardy inequality stated in Theorem A in [BFT1].

Proposition 4.1 For N > 2, let @ C RN be a smooth bounded and convex domain. Then there exists
Dy positive such that for all D > Dy

YQ d(x)
2 1 2 1/ ( D 2
— > - N 7
/ <|§7u| 2( )u dx 2( ) u dSU,

for any u € C§°(Q); here X(t) :=

1

Let us now state the auxiliary Hardy-Sobolev inequality we will use in the sequel.

Lemma 4.2 Let a >0, N > 2 and Q C RY be a smooth bounded domain. Then there exist 5o > 0 and
C = C(w,00) > 0 such that

alN N %
/da($)|VU| da:+/ d* ()| de > C </ dN=1 (z)|v| V1 d:U) ’
Q O\Qs Q
for any v € C3°(Q2) and any 0 < § < do; here Qs := {x € Q : dist(z,0Q) < J}.

Proof: 'We will follow closely the argument of [FMT2]. Our starting point is the following Gagliardo-
Nirenberg inequality (see p. 189 in [M])

(@

where Sy is a positive constant depending only on V.
For any v € C3°(Q2) let us apply the above inequality to the function f := d*v. Hence we obtain

Sn||d*v]| g/da(:v)|Vv|d:c+a/do‘_l(a:)|v|dx.
L Q Q

N
NI ()

We next estimate the last term above. Let ¢5 € C§°(Q25), 0 < ¢5 < 1, be a cut off function which is
identically one in Qs and identically zero in RV \ Qgs. Clearly v = psv + (1 — @s)v. Then we have

a / V() olde < o / ()| psvldz + o / "~ (@)(1 - ps)v]dz <
Q Q @
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Sa/ dal(x)\wgv\dx+a/ d* Y (z)|v|dz .
Q Q\Qs

Concerning the first term on the right hand side we have

a/ d*(z)|psv|de = / Vd® - Vd|psv|dx = —/ d*(z)Vd - Vi]psv|dr — / d*(x)Ad|psv|dx <
Q Q Q Q

g/do‘(:c)|V(gpgv)|d:E—l—co(5/do‘_l(:r)|<p5v|d:v,
Q Q

here we used the smoothness assumption on € which implies that |[dAd| < ¢pd in Qs for ¢ small, say
0 < § < dop, and for some positive constant ¢y independent of ¢ (dg, cg depending on €2). Thus we have for
any 0 < 6 < dp

a/ d*Y(z)|psv|de < .
0 «

| @V eslde <€ [ d (@) Tolpsdat
—¢pdo Jo Q

C

+— d*(z)|v|dx < C’/ d*(z)|Vul|dz + C d* Y (z)|v|dx |
0 Jas5\0 Q

Q25\Qs

from which the result follows.
//

We next state the new improved Hardy-Moser inequality.

Theorem 4.3 (Improved Hardy-Moser inequality) For N > 2, let Q@ ¢ RN be a smooth bounded
and convex domain. Then there exists a positive constant C such that

2
{/ <|Vu!2 - 12u2> dx} </ u2da:> = c/ WP Ndy | Y ue CR(Q) .
Q 4d Q Q

Proof: Changing variables by v := ud_%, we get

2(N+2) N+2 2(N+2) aN N
/U N dac:/d N v N dq::/le(vm)Nld:c,
9) Q 9)

. Applying Lemma 4.2 to the function v?® we have

alN N %
/le(an)Nldng /da|v02&ydx+/ d* v dg <
Q Q Q\Qs
_N_
N-1
<C 2a/da|Vv|]v|2a1dx+/ d* v dg <
Q O\Qs

1 1 9 %
<C (/ d($)|VU|2 d$> 2 </ d2a_1U2(2a_1)dx> 2 n / ’U—d$ / d2a_1v2(2a_1)dx
Q Q o\ d O\Qs
D 1 D
<C (/ dm_le(za_l)daz) {/ <|Vv2d —-Ad 1)2> dz} ;
Q Q 2
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with o := 12

[N
e
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here we used Proposition 4.1 (observe that %XQ(%) > %X2(%) if x € Q\ Q) and standard estimates.
Returning to the original variable u, we obtain

N

N
/ u2(]\1]v+2) de < C </ u2(20‘1)dm> oy {/ (]Vu|2 — 12u2> dx}Q(Nl) ,
Q Q Q 4d
2(1\17\71) .
2(N+2
(/ uF )dm) <C (/ uz(hl)dx) {/ <]Vu\2 - 2u2> dx} .
Q (¢} Q 4d

If N =2 we have that o = 1, thus the above inequality becomes

/Qu4dx <C (/Q u2d1:> {/Q (yvu|2 - 41d2u2> dx}

which is the sought for estimate. For N > 3, we use Holder inequality to obtain

that is,

D)

A i N2 1
2(N+2 2(N+2
(/U(N+)d$) §C</u2d:):> (/u(N+)dx> {/ <|Vu2—2u2>dx}
Q Q Q 0 4d
from which
1
/ w5 <C (/ uzd:c> {/ (!VU\Q - 2u2> dx} ;
0 0 0 4d

and this completes the proof of Theorem 4.3.

2

//

4.2 Boundary upper bounds and complete sharp description of the heat kernel for
large values of time

Here we will first prove the following:

Theorem 4.4 For N > 2, let Q C RY be a smooth bounded and convexr domain. Then there exists a
positive constant C' such that

1
d (z)d2
htay) < cE@CW -y g e b0,

To this end we need the following estimate of [FMT?2]:

Proposition 4.5 For N > 2, let @ C RN be a smooth bounded and convex domain. Then there exists a
positive constant C such that

/Q (’WP - 4d21(x) “2> dw > C (/Q 2NN () ul? dm) ", (4.1)

for any u € C§°(2) (mdany2<q§]\2,—iv2ifN230rany2<q<ooifN:2.

Using (4.1) the following logarithmic Sobolev inequality can be easily obtained

1 N+1
/ v? log <U) ddx < e/ <|Vv|2d —-Ad v2> dx + <K1 s log e> lJv]|3 (4.2)
Q [[v]l2 Q 2 4
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for all v € C§°(2), v > 0, and any € > 0; here K is a positive constant independent of € and ||v||2 :=

1
(Jo [v]* d dz)?.
To obtain (4.2) we apply (4.1) to v := ud~? to get for any v € C§°(Q)

/ (Vv|2d — %Ad u2> de > C </ vid2N=2)-N+3 d$>
Q Q
2(N+1)

Taking q := ==~ we have

2
q

z

9 1 9 2(N+1) +1
/ |Vv|*d — §Ad ve ) de >C / v -0 d dx . (4.3)
Q Q

Then arguing in a quite similar way as in the proof of (3.7) in Subsection 3.1 we obtain (4.2) with
Ky = %5 log ().
Proof of Theorem 4.4: Let HZ(€,d dx) be the closure of C§°(9) with respect to the norm

1
1 2
||U||H57d = {/Q (\VUIQ d+ 2(—Ad)v2> da:} .

Let H := U'HU, U : L*(Q,d drv) — L*(Q) being the unitary operator Uv := d%v, thus H :=
—1div(dV) — 124 To the operator H defined in the domain D(H) = {v € H}(Q,d dv) : Hv €
L?(Q,d dz)} it is naturally associated the bilinear symmetric form defined as follows H[vi,vs] =<
Huvy,vg >12(0d de)=< V1,V2 >Hl(Q.d d) which is a Dirichlet form. Whence Lemma 1.3.4 and Theorems

Z

1.3.2 and 1.3.3 in [D4] implies that e~#*, which is an analytic contraction semigroup in L2(2, d dz), is also
positivity preserving and a contraction semigroup in LP(),d dx) for any 1 < p < co. As a consequence
for any t > 0 and any p > 2

e ML2(Q,d dz) N L®(Q)]T C [H(Q,d dz) N LP(Q,d dx) N L2 (Q)] ;

thus by density argument the LP logarithmic Sobolev inequality, which can be deduced as usual from
the L? logarithmic Sobolev inequality (4.2) (see Subsection 3.1 where a similar argument is used) more
generally applies to any function in Uy e #¢[L?(Q, d dz) N L>(2)]*. This means that Theorem 2.2.7 in
[D4] can be applied, as in Corollary 2.2.8 in [D4], to the operator H; whence obtaining that

e |lzme < Ct7
and by duality that
7 N+1
le Tl < CE 0

that is B Nt
le™ 100 < CE72

Here we use the following notation:

_ —Ht
He_Hth—>p . sup He f(l')Hp ,
o<lifile<t  IF(@)Ilg

1 _
where ||f|ls == (fq|f|? d dz)7. This implies, by Dunford-Pettis theorem, that the semigroup e ' is
indeed a semigroup of integral operators; that is a heat kernel h(t, z,y) associated to the semigroup e Ht
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is well defined and satisfies the following pointwise upper bound h(t,z,y) < C %t_%, for any z,y € Q
t2

and any ¢ > 0. Theorem 4.4 then follows, due to the fact that, as a consequence of the unitary operator
U, the heat kernels h(t,z,y) and h(t,z,y), corresponding respectively to H and H, satisfy the following

equivalence h(t,z,y) = dz (az)d% (y) h(t,z,y) .

Remark 4.6 Applying Davies’s method of exponential perturbation to the operator H (see Section 2 in
|z—y?

[D3] for details) the upper bound in Theorem 4.4 can be improved by adding a factor cse 40+t

//

Let us now give the sketch of the proof of Theorem 1.4.

Proof of Theorem 1.4: Let us first improve by an exponential decreasing in time factor the global
in time upper bound stated in Theorem 4.4. To this end let us define, as in Section 2 of [D2], the
operator H := UYH - \)U, U : L*Q,p2dxr) — L*(Q) being the unitary operator Uw := @jw,
thus H := —%%div(cp%V). Here 1 > 0 denotes the first eigenfunction and A\; > 0 the first eigenvalue
corresponding to the Dirichlet problem —Ap; — 4d+(x)901 = A1 in , o1 = 0 on 91, normalized in such

a way that fQ ¢3(z) dz = 1. Since it is known that there exist two positive constants ¢, co such that
c1 d2(z) < p1(z) < e d2(z), V2 €Q (4.4)

(as a consequence of Lemma 7 in [DD]), logarithmic Sobolev inequalities analogous to (4.2) also hold
true if we replace by H. Thus as a consequence of Gross theorem, exactly as in the proof of Theorem
4.4, the corresponding heat kernel h(t, z,y) satisfies the same pointwise upper bound as h(t,z,y) that is

ﬁ(t,x,y) < Qlt_% for any x,y € Q2 and any ¢ > 0. From the definition of U, it follows
t2

h(t,z,y) = p1(@)pr(y)h(t, z,y)e (4.5)

11
thus we get that h(t,z,y) < C%ﬁm(y)t*%e_ht for any z,y € Q and any t > 0. Finally arguing as in
2

Theorem 6 of [D1], an analogous lower estimate can be easily deduced (we refer to the proof of Theorem
1.2 where a similar argument is used).
//

4.3 Complete sharp description of the heat kernel for small values of time

In this section we prove the two-sided sharp estimate on the heat kernel h(t,x,y) stated for small time in
Theorem 1.3.

Before doing so let observe that Theorem 1.5 entails also the following parabolic Harnack inequality
for the Schrédinger operator having critical singularity at the boundary

Theorem 4.7 For N > 2, let Q € RN be a smooth bounded and convexr domain. Then there exist
positive constants Cg and R = R(Q) such that for x € Q, 0 < r < R and for any positive solution u(y,t)

of % = Au+ 4(12#(3;)“ in {B(z,r) NN} x (0,7%) we have the estimate

_1 . _1
€ss Sup(y,t)E{B(x,%)ﬂQ}X(%,%) U(y,t)d Q(y) < CYH €SS an(%t)e{lg(x,%)ﬁfl}X(%ﬂ,ﬂ) u(yat)d 2(:‘/) .
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Proof:  As a first step let us observe that if u satisfies u; = —Hu then v(y,t) := Moy (y)Tu(y, t)
satisfies v; = —Hv. Whence as a consequence of (4.4), due to Remark 2.16, v satisfies Theorem 1.5 for
a = 1. From this the claim can be easily deduced.

//

The proof of Corollary 1.7 is similar to the above proof of Theorem 4.7, thus we omit the details.

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.8 Since for any x € € and for some positive constants c1, co we have the following
estimate ¢1d? (z) < p1(x) < cad? (z) for @ = 1, we can apply the result of Theorem 2.15 to the operator

H= —@%(z)div(ap%(x)V). Hence due to (4.5) the result follows immediately.
1

//
The proof of Corollary 1.8 is similar to the above proofs of Theorems 1.3 and 1.4, thus we omit the
details.

Let us finally make some remarks concerning Schrédinger operators having potential V (z) = cd~2(x).
Arguing as in Lemma 7 in [DD] one can easily prove that the first Dirichlet eigenfunction for the
Schrédinger operator —A — d%(m), 0<c< %, behaves like d2 on all , for a := 1 + /1 — 4c. Then
we have:

Theorem 4.8 For N > 2, let Q C RY be a smooth bounded and convex domain. Then there exist positive
constants Cq,Cy, with C1 < Cy, and T > 0 depending on Q such that

3 3 r—yl2 o =3 ol
Olmin{l,cww}t‘ge—@' - ghc(t,:c,y)gczmin{l,cwfz(y)}t—%—@:"
2

for all z,y € Q and 0 < t < T; where h.(t,x,y) denotes the heat kernel associated to the operator
—A— d%(a:) in  under Dirichlet boundary conditions, for any 0 < ¢ < i and o := 14 +/1 — 4c.

Theorem 4.9 For N > 2, let Q@ C RY be a smooth bounded and convexr domain. Then there exist two
positive constants Cq, Co, with C1 < Cy, such that

Cr d? (x) d2 (y) e ™M < he(t,z,y) < Cp d2 (w) d3 (y) e

for all x,y € Q and t > 0 large enough; where h.(t,x,y) denotes the heat kernel associated to the operator
—A — dQL(z) in Q under Dirichlet boundary conditions, \1 its (positive) elliptic first eigenvalue, for any

0<c<i and o :=1+ 1 — 4ec.

Remark 4.10 Let us at this point remark that Theorems 1.3 and 4.8 as well as Theorem 4.7 concerning
respectively sharp asymptotic for small time and the parabolic Harnack inequality up to the boundary for
the Schrédinger operator having potential V (x) = cd=2(z), hold true also without any converity assumption
on the domain ) under consideration.

4.4 On Davies conjecture

In this subsection we consider Davies conjecture. For this we suppose that E denotes the self-adjoint
operator associated with the closure of the positive quadratic form

- of Of
o= [ | S a@yt st vt ds.

1,7=1
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initially defined on C§°(2); where (a;j(x))nxn is a measurable symmetric uniformly elliptic matrix such
that

N
Z a;j(2)&&5 > [€)?
i,j=1
and V is a potential on €2 such that
V(z) = Vi(@) + V(o) (4.6)
where
Vi@)| < —— . Va(z) € LP(Q), p > . 47)
4d?(x) 2
We also suppose that
TP 1 (O B (4.8)

0#£0€C5°(Q) [o 2dx ’

and that to A1 there corresponds a positive eigenfunction ¢ satisfying for all = € €2 the following estimate,
¢ d?(x) < 1(z) < ey d2(z), forsome a>1 (4.9)

and for ¢; ,_C2 two positive constants.

Thus FE is defined on the closure of C§°(€2) with respect to the norm defined by the quadratic form Q.
Then as before it can be shown that E is a well defined nonnegative self-adjoint operator on L?(£2) such
that for every t > 0, e~P* has a integral kernel, that is e Ptug(z) = Joe(t,z,y)uo(y)dy and if N > 3 a
Green function Gz (z,y) = [;° €(t,z,y)dt denoting the kernel of E-L.

Theorem 4.11 For N > 3, let @ C RN be a smooth bounded domain. Suppose that (4.6), (4.7), (4.8)
and (4.9) are satisfied. Then there exist two positive constants Cy,Cq, with C1 < Cq, such that for any
x,y € Q

(1 min { | 1 d (gj)d% ) } < Gg(m,y) < Oy min{ 1 d (z)d% ) } )

x_y|N72’ |$_y|N+a72 |$_y|N72’ ‘x_y‘N+a72

Davies conjecture is stated under slightly stronger assumptions on V' than (4.7) and on ¢ (only when
a=2).
Proof: We note that we have E; := —édiv(g@%V) =UYE - \)U, U : L?(Q, p3dz) — L?() being
1
the unitary operator Uw := pjw; hence we have the following relationship between heat kernels
et,z,y) = pr(x)pr(y)er(t, z, y)e M. (4.10)

Due to (4.9) we can apply Theorem 2.15 to the operator E;. Hence due to (4.10) for two positive constants
Cy < (5, we have for small time

o (=1 w2 =1 =1 -
C’lmin{l,dQ(I)d2(y)}t];]eo2 ! S'é(t,x,y)gCgmin{l,dZ(x)gQ(y)}tngecll e (4.11)

On the other hand for large time
C1 d2(z) d2(y) e ™M < e(t,z,y) < Cy d2 (z) d2 (y) e M, (4.12)

for all x,y € Q. To obtain this estimate we need to prove a global Sobolev inequality on §2, which can be
easily deduced from its local version (2.12) as well as (2.18) with A = 0 there, by means of a partition of
unity as in [K]. Then the result follows integrating €(t, z,y) in the time variable.
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